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THE DIRICHLET NORM AND THE NORM OF SZEGO TYPE'
BY
SABUROU SAITOH

ABSTRACT. Let S be a smoothly bounded region in the complex plane. Let
g(z, 1) denote the Green’s function of S with pole at ¢. We show that

Sfyeias <3 f yer(EE2) " ja

holds for any analytic function f(z) on S U 9S. This curious inequality is
obtained as a special case of a much more general result.

1. Introduction and preliminary facts. Let S denote an arbitrary compact
bordered Riemann surface with boundary contours {C,}f‘_‘};‘“ and of genus
g. Let {C,}%*™ 1 be a canonical homology basis for S. Let W{(z, ) denote a
meromorphic function whose real part is the Green’s function g(z, f) with
pole at t € S. The differential id W(z, r) is positive along dS and has

= 2g + m — 1 zeros {¢,} in S. We assume that the points ¢, are simple and
they are not on {C,}?% ,; the other cases will require only a slight modifica-
tion. For simplicity, we do not distinguish between points z € S U 3S and
local parameters z. For an arbitrary integer ¢ and for any positive continuous
function p(z) on 39S, we let H7 (S) [p > 1] be the Banach space of analytic
differentials f(z)(dz)? of order g on S with a finite norm

[il;faslf(z)(dz)qlpp(z)[id w(z, t)]l—qp}l/p <o,

where f(z) means the Fatou boundary value of f at z € 3S. Let
K, (2, #)(dz)? be the reproducing kernel of HJ (S) which is characterized by
the reproducing property

1) = 37 [, SN o) Koy Do) p()]id Wz, )]

for all f(z)(dz)® € HJ,(S) (see [S]). Let L,, (z, u)(dz)' 7 denote the adjoint
L-kernel of K, (z, 17)(dz)" Then, L,, (2, u)(dz)' 77 is a meromorphic dif-

q.1.p
ferential on S of order 1 — g with a simple pole at » having residue 1.
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Moreover:

K, (2, @)(dz)? p(z)[id W(z, t)]l_z" = (1/i)L,, (2, u)(dz)' ™7 along dS.

(1.1)

We note that K, (z, #) and L, (z, u) are continuous along oS.If Sis a

bounded regular region in the plane, we can define these kernels for arbitrary
real values of ¢ (cf. [5, §§2 and 6)).

Next, let KE(z, i7) and LE(z, u) denote the exact Bergman kernel and its

adjoint L-kernel on S, respectively (cf. [8, p. 117]). LE(z, u)dz is analytic on

S U 9S except for u, where it has a double pole

{ 1 —1—2 + regular terms] dz. (1.2)
T (z— u)
Furthermore, it satisfies the relation

— K%(z, #)dz = LE(u, z) dz along3S. (1.3)

Let Z,(z) = [¢ L($, 2) . Then {Z,(z) dz}}_, is a basis for the analytic
differentials on S which are real along 3S. Here L($, z) is the adjoint L-kernel
of the usual Bergman kernel K(¢, z) on S (cf. [8, §§4.3, 4.5 and 4.10]). Then
from (1.1) and (1.3), we obtain

N N
K, ,(z,0)K,_,, (2, @) = aKE(z, @) + D 21 C.Zu) Z(z) (14

yv=] p=

and
N N

Lq’,’p(z, u)Ly_,, (2, u) = aLE(u, z) — 21 21 G, Z,(u) Z“(z), (1.5)
=1 p=

where the constants G, are uniquely determined as in [5].

2. The main theorem. Let {®,(z)(dz)?};Z, and {\Ilj(z)(dz)"" }j=1 be com-
plete orthonormal systems for Hf (S) and H) -3(S), respectively. Let H =
H$,(S) ® H};4(S) denote the direct product of H{,(S) and H,,4(S). The
space H is composed of differentials f(z,, z,)(dz,)%(dz;)' "¢ on § X § such
that

o0 0 0 o0
fen) =3 3 4@ ¥(z), 3 I |Aul <o @D
Jj=1 k=1 Jj=1k=1
The scalar product (, ), is introduced as follows:
o0 o0 -
(fiW)u = 2 2 Aj,k Bj,k ’
Jj=1k=1

where o o o o
h(zy, z,) = 21 kZI B;, ®,(z))¥,(z;) and '21 kEI IBj,k|2 <o
Jj=1 k= Jj=1k=

(cf. [1, §8)).
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THEOREM 2.1. Suppose that
e ()" ()0 = 5, S 4,492 ¥i (e (dr)! " € .
Then f(z, z) can be uniquely decomposed as follows:
fz,2) = h(z) + gld,l,(z) forz € S. (2.2)
1t is understood that the d, are constants, h(z) is analytic on S, and
fj;|h’(z)|2dxajz<oo (z=x+ ).

In addition,

S 3 b

Jj=1 k=1
>min 3 3 {5 [ 5@ nE@)
Jj=1 k=1
. - 1 -
P(2)[id Wiz 0] o [ y(za)(de)'
(D) o)) [id Wz 0]
= [ r @ ax & + 2 2 D,,d,7, 23)
y=1 p=1
where ||D, || is the inverse of ||C,,||. The minimum is taken here over all
analytic functions 232 | @(z,)¥(z,) on S X S satisfying
flz,2) = jgl @ (2)yY(z) onsS, (24)

9,(z)(dz)? € HE,(S) and y(z)(dz)' ™7 € H} A(S).

Proor. The crucial ingredient in this proof is the observation that ||C, || is
positive definite (cf. equation (1.4) and [5, p. 549]). Refer to the proof of
Theorem 2.1 in [6]. The positive definiteness of ||C, || implies that

k(z, #) = 2 2 v Z,(4) Z,(2)

=1 p=1

is a reproducing kernel for the finite dimensional class ¥, which is generated
by {Z,(2)}2., (see [1, pp. 346-347]). The scalar product is given by

(fs k), = 2 2 D, .8,

vl p=1]
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for f(z) = V., ¢,Z,(z) and h(z) = 2Y_, n,Z,(z). Note that

K,..(z, 9K, _,, ,-1(z, #)dz is the reproducing kernel of the space ¥ which is
formed by restricting the functions in H to the diagonal set D = {(z, 2)|z €
S} (cf. [1, p. 361, Theorem II]). For f € 4, the norm || f||s is given by
min|| 4| ,; where h(z,, z,) ranges over all elements of H whose restriction to D
is f(z). Of course, ||h|| ; denotes the norm of A in H.

On the other hand, the space ¥ must coincide with the class corresponding
kernel function K, (z, B)K, _ anp-'(Z; #) when it is considered as the sum of
the kernel functions 7K £(z, #) and k(z, @) (see [1, pp. 352-357]). We thus
obtain the decomposition (2.2). The uniqueness follows from [8, pp. 104 and
108].

Finally, from the definition of the norm in H [1, pp. 357-361], we have the
inequality (2.3).

Using [1] and the preceding remark about %, we immediately obtain

COROLLARY 2.1. Any analytic function f(z) on S with a finite Dirichlet
integral can be represented as a series

f(2) = jél 9 (2)y(2) ons, (2.5)

where ((z)(dz)? € HJ,(S) and y(2)(dz)'~? € H;, 4(S).
Furthermore, the equation

1 f f If'(2)] dx dy
= rmnjgl kg { f %(21)(1121)" (Pk(zl)(dzl)q

p(z)[id W(z,, 1)]' 7> f ¥ (z)(dz)' ™
U Z)dz) " (p(z7) ' [id Wz, t)]"'"] 26)

is valid. The minimum is taken here over all analytic functions T =1 9(Z2Y¥(2)
satisfying (2.5).

Conversely, if the jk sum in (2.6) is finite, then the exact differential f'(z)dz
defined by the series (2.5) has a finite Dirichlet integral.

3. Some inequalities. As an application of the main theorem, we derive
some inequalities. To start with, consider the case f(z,, z,) = @(z,)¥(z,). This
leads to
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THEOREM 3.1. For any @(z)(dz)? € H{,(S) and Y(z)(dz)' "7 € H;;-ﬁ(S ), we
have

%J;J‘P(h)(dz,)qrp(z,)[id W(z,, t)]"zq
o [ o)) [id Wz

>min S 3 {5 [ o) wE@) @)

J=1k

- p(z)[id W(z,, t)]'_z" . Efasil’j(zz)(dzz)l_q
W) (o) i Wz O]

- _ff|h(z)| dx dy + 2 2 D,,dd,, (3.1)

v=1 ”,-

where o(z)Y(z) = h'(z) + 2,_, d,Z (z) on S, and where the minimum is taken
over all analytic functions 32| ¢;(2,)¥(2)) on S X S such that

P = 3, 9(4(2) (32)

Of course, p(z)(dz)? € H{ (S) and ‘l/j(z)(dz)"" € H;,p‘_'{(S).
Equality holds in (3.1) if and only if (z)Y(z) is expressible in the form
K, 1,2, WK, _,,,-1(2, #t) for some point u € S and for some constant C.
The equality statement in Theorem 3.1 will be proved in §5.
We can now take g = 0, p(2) = 1, ¢(z) = 1, Y(2) =f'(z). This yields
COROLLARY 3.1. For any analytic function f(z) on S U 38, we have
|7 (2)def? ,
fflf(z)| dxdy <3 2 asid W(z, 1) (33)
Equality holds in (3.3) if and_ only if S is :s'imoly connected and f'(z) is
expressible in the form CnK%(z, f) = CK, (2, t) for some constant C.
Regarding the equality statement in Corollary 3.1, we note that K, \(z, @)

=1 if and only if u = ¢ [3]. Furthermore, we can compare (3.3) with the
inequality

(L[ ax ) = (5 [T &)
<—f A id Wz, )5 falf'—(‘l@z—.

sid W(z, t)
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Let K, \(z, w)dz denote the reproducing kernel of the closed subspace of
H;(S) composed of exact analytic differentials on S (cf. [2] and [4]). Since
L%(z, u) = L%(u, 2) if and only if S is planar [8, pp. 114-120], Theorem 3.3
in [2] requires a modification when g > 1. But, this is not difficult. Using
Corollary 3.1, we now obtain

COROLLARY 3.2. For all t and u € S, we have

KE ((u, #) < nKE(u, ). 3.4)

Equality holds in (3.4) if and only if S is simply connected and u = t.

ProOF. From (3.3) and the extremal property of K%(z, i) [8, pp. 135-137],
we have

K%(z, KE (z, u)
— ff E(z “) lrl( dx dy
K (“ ) K*(u, u#) s| Ki1(u, @)
2
1o |&kEu@a)| |z o« 55)
2Jos| KE, (u, @) | i W(z0)  KE,(u, @) )

We note that (3.3) is, in general, not valid for arbitrary analytic differentials
f(2) dz. Indeed, suppose that inequality (3.3) were valid for X, ,,(z, 1) dz.
Then, from the argument of Corollary 3.2, we would have

Ky (8, 1) <aK(1, 1), (3.6)
which implies a contradiction for doubly connected regions S (cf. [6, §7]). The
relationship between K[, (z, #) and #K*(z, @) is, in general, quite com-
plicated. (See [4, equation (2.6)].)

On the other hand, by setting ¢ =0 and p(z) =1 in Theorem 3.3, we
obtain

CoROLLARY 3.3. For the critical points {1, W s=1 0f the Green’s function g(z, )
of G, the matrix

NXxXN
§ Zv(tp)zr’(tp) _
[l.-l W”(t,‘, t) », v

is positive definite. A slight modification is required here when the t, are not
simple.

PROOF. We consider the decomposition 1 - =¥_, d,Z,(z) for arbitrary con-
stants d,. Then, we have

|Z3_,d,Z,(2) dz|
27 fas id W(z, 1) ,2_:, ,,gl D, 4, - (3.7)

Using the residue theorem, we deduce the desired result.
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4. Integral transform by X, .(z, #)K,_,,,-1(z, ©). As another application of
the main theorem, we show that all the results of [7] are valid for the present
H.

THEOREM 4.1. Assume that p > 1. Then, for ¢ € L,(3S),
Fy(z,2) = f o({) qrp(f, z_l)Kl—q,x,p-'(f, 7)) & 4.1

belongs to H if and only if the projection h\(z) of a(z) onto HP?I(S ) belongs to
the Bergman space of S; that is,

f fs |Ki(2)|? dx dy < oo. 4.2)

PrOOF. Refer to the proof of [7, Theorem 2.1]. The necessity is now
apparent from Theorem 2.1. The crucial step in the sufficiency is to show that

$ s 2

j=1 k=1

S HO TG &

22

-2if fs 1(2) () ¥, (2) dx dy 2 43)

converges. For any double sequence {4;,} satisfying

2 2 lAjkI < o 4.9

j=1k=1

we consider the function f(z,, z,) defined by (2.1). Then, using Theorem 2.1,
we have

© o0 N
f(z,z) = El kzlAj,ij(Z)‘l’k(Z) =f(z) + 2. C,Z,(z) onS (45)
Jj=1k= v=
and
f f f(z, 2)P dx dy < 0. (4.6)
s
Note that
M M
Sulz:2) = 3 3 4,82 ¥(2) (47
j=1 K=
also can be uniquely decomposed as follows:
N
Iz 2)=F2)+ D EMZ(z) ons. (4.8)
v=1

From the main theorem, we see that the convergence of fu(z,2)dz to
f(z,2)dz in 1mp11es both the convergence of fM(z) to f(z) in the Dirichlet
norm and lim,,_,, C™ = C, for each ». We thus obtain

14



362 SABUROU SAITOH

JIR@TE axd = [[ K@) (Jim Sz, 2) dx

JJ. h;(z)( fim fy () + im 3 é:”)zxz)) dx dy
s Moo M>0 p=1

N
Jim [ Ki(2) (f;,(z) + 3 Cm >z,(z)) dx dy

-3 3 ([[F0To0E a«a)T, @9

Jj=1 k=1

for any {4;,} satisfying (4.4). Hence, from the Landau theorem, we obtain
the desired result.

The proof of this theorem shows that all the results of [7] are, in general,
valid for the present H.

Let Hp,q, denote the subspace of H formed by those functions in H which
vanish along the diagonal set D. Let (HD(O))"' denote the orthocomplement of
Hp, in H. As in [7], we obtain

THEOREM 4.2. Any f(z,, z,)(dz,)%(dzy)' ™7 € (HD(O))L is expressible in the
form

_ 1 h({ )d{ Kq,t,p(g’ z_l)Kl—q,t,p"(g’ 52) d{
fzy, 25) = Efas WG, D) (4.10)
for a uniquely determined h(z) dz in H, (S).
Furthermore:
N
h(z) = - WG, t){ S (yg} Xy () L6, 4L g5 1) + SCS, :)) & }
(4.11)
where the constants X,(f) are uniquely determined using the equations
N
vgl Xr(f)fC“Lq,l,p(g" ty)Ll—q,t,p"(§9 tv) d§
= - [ S8 w=12.. N (4.12)
CI‘

5. Proof of the equality statement in Theorem 3.1. As an application of
Theorem 4.2, we now prove the equality statement in Theorem 3.1.

If equality holds in (3.1) for @(z,)(dz,)%(z,)(dz,)' "% € H, then we have
@(2,)(dz,)W¥(2,)(dz,)' ~7 € (Hpy)™' (cf. [6, equation (3.2)]). Hence, by Theo-
rem 4.2, we have

1 f h(§ )d{ Kq,t,p(g’ z_l)Kl—q,t,p"({’ 2—2) a§ (5 1)
CAY '

P(2)¥(z2) = 5~ idw(t, 1)
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with A($) d¢ € H}((S). Consider any ¢©@(z)(dz)? such that: (i) (z) = 0;
(i) p©(2) is analytic on S U 3S; (iii) 9 @(z)(dz)? is orthogonal to ¢(z)(dz)? in
Hj (S). From (5.1), we obtain

f h({ )d{ (p(O)(g )Kl—q,l,p"(g’ 2_2) d§
as id W(§, 1)

=0 forallz, €S

and so

K )&k OO E
I (52)

for all f($)(d8)' 7 € H;,4(S). Hence, from the theorem of Cauchy-Read,
we obtain

h(§)d 9§ )(d8 )" _
id W(¢, 1)

with g($)(d¢)? € H{,(S) (cf. [5, p. 549] and [6, equation (3.9)]). From (5.1),
we deduce that

g($)(d¢)? a.e. along 3S, (53)

_ g(§ )(d8 )K, q:p(f’ z_l)Kl—q,t,p"(g’ 7)) &
#)Ue) = 57 @ . (54)
Using (5.4) and the residue theorem, we obtain
@)Ky 012 B
P(z)¥(z;) = 2 2 x5, LBt “’;_; w2 B) (s
uj
and so
a b kK L@
p(z)=2 X Y}SL’—"""’_(,f'—“’), (5.6)
j=1k=0 oi;
a b kK, _ o-(22, %
W) =3 3 rp—° ’ik(" %) (5.7)
j=1k=0 ou;

for some points ; € S and some constants {X;,}, { Y%} and { Y{?}. From
(1.1), we now obtam

a — 3L, (2, w)L (2 W)
X ‘g.t,0\“1> ¥j) =1—q,tp 2 %
jgl I;-:'o Sk du}

= i é i é Y YS?) q,,,(z.,u)a L,_ q,’p_.(zz, w)
gk Lk

1 k'=0 j"=1 k"=0 au; 6u~

(5.8)

for all z, and z, € S. By setting z, = z, = z and comparing the orders of the
poles at each u;, we see that X, = 0 for all j and k such that k # 0, and so
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YR = Y = 0 for all j and k such that k 0. Thus

a
21 X0 q,t,p(zl’ Y, )Ll—ql,p (2 “)
I-

a

( 2 Y(‘g qt,p(zl’ j! )( .”21 _YELI—q,t,p"(ZZ’ u/”)) (5°9)

for all z, and z, € S. Without loss of generality, some X; , is nonzero. By
considering (5.9) as the identity with respect to z,,

—_— a
I\,Ioso Ll_qv’»P_'(zz’ ujo) = Y}‘(’B ( .”2‘ YJQ,% Ll—q,t,p"(z2’ uj")) (5°10)
jr=

for all z, € S. Therefore Y% = 0 for all j” except ji, and so Y;J = 0 for all
except j,. Hence X;, = 0 for all j except j,. This yields the desired result:

(p(zl)‘,’(z2) 10.0 qt,p(zl’ ju)Kl q,t,p"(ZZ’ jo) (5°11)
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